Introduction
Let C be a (semisimple abelian) monoidal category. A module category over C is a (semisimple abelian) category M together with a functor C×M → M and an associativity constraint (= natural isomorphism of two composition functors C × C × M → M) satifying natural axioms, see [18] . In physics, one is interested in the case when C is a category of representations of some vertex algebra V and irreducible objects of M are interpreted as boundary conditions for the conformal field theory associated to V, see [3, 9] . Thus, it is interesting from a physical point of view for a given monoidal category C to classify all possible module categories over C (it is known that in many interesting cases, the list of answers is finite, see [18] ). This problem is also of mathematical interest, for example, the module categories with just one isomorphism class of irreducible objects are exactly the same as the fiber functors C → Vec, see [18] . It is known that, for a fusion categories of sl(2) at positive integer levels, the module categories are classified by ADE Dynkin diagrams, see [12, 17, 18] . In this paper, we consider another class of examples, known in physics as holomorphic orbifold models (see, e.g., [7, 11] ).
Let G be a finite group. It is well known that the monoidal structures (= associativity constraints) on the category Vec G of G-graded vector spaces with the usual functor of tensor product are classified by the group H 3 (G, C * ), see [13] . For ω ∈ H 3 (G, C * ), let Vec G ω denote the corresponding monoidal category. Let D(G, ω) be the Drinfeld center of the category Vec G ω , see, for example, [2, 15] . The main result of this paper is a classification of module categories over the category D(G, ω). The closely related problem of classification of modular invariants for this category was considered in [5] . On the other hand, the problem of classification of twists (= fiber functors) in the Hopf algebra D(G) corresponding to D(G, 1) is interesting from the Hopf algebraic point of view (here 1 is a trivial 3-cocycle).
The paper is organized as follows: in Section 2, we recall necessary definitions and basic facts; in Section 3, we state and prove the main theorem; and in Section 4, we consider the simplest non-abelian example-the case of the symmetric group in three letters.
Preliminaries
In this paper, we consider only abelian semisimple categories over the field of complex numbers; we assume that all Hom-spaces are finite dimensional. The rank of such a category is just the number of isomorphism classes of simple objects (= the rank of the Grothendieck group). We consider only categories of finite rank. All functors are assumed to be additive. We consider, on many occasions, the cohomology of finite groups with coefficients in C * (with trivial action). We denote by 1 the trivial cohomology class. Sometimes we identify cohomology class with a representing cocycle; we always consider only normalized cocycles (i.e., the value of a cocycle is 1 when one of the arguments equals 1).
Module categories
Let C = (C, ⊗, a, 1, l, r) be a monoidal category. Here C is a category, ⊗ :
is a functorial isomorphism of two possible composition functors C × C × C → C, 1 ∈ C is the unit object, and l : ⊗ • (1 × id) → id and r : ⊗ • (id ×1) → id are functorial isomorphisms subject to usual axioms, see, for example, [2] . We consider only fusion categories, that is, rigid categories with irreducible unit object, see [8] .
is a functorial isomorphism of two possible composition functors C×C×M → M, and l : ⊗•(1×id) → id is a functorial isomorphism of two functors M → M; these data are subject to the pentagon and triangle axioms, see [18] . There are obvious notions of a direct sum of module categories, of module functors between module categories, see [18] . A module category is called indecomposable if it is not module equivalent to a direct sum of nonzero categories. One way to construct module categories over C is the following: let A be an associative algebra in the category C, see, for example, [18] . Then, the category Mod C (A) of right A-modules has an obvious structure of a module category over C, see [18] . Theorem 3.1 in [18] states that any module category over C can be obtained in this way.
Example 2.1. The indecomposable module categories over Vec G ω are classified by the conjugacy classes of pairs (H, ψ) where H ⊂ G is a subgroup such that ω| H = 1 and ψ ∈ H 2 (H, C * ), see, for example, [9, 18] . To be more precise, let ω ∈ Z 3 (G, C * ) be a 3-cocycle In what follows, we will often assume that this torsor is trivialized.
The dual category
Let C be a monoidal category and let M be an indecomposable module category over C.
Then, we define the dual category C * = Fun C (M, M) as a category of module functors from M to itself. Note that despite of our notation, the category C * depends on both C and M. In general, semisimplicity of C and M does not imply that C * is semisimple. But this is always true over a field of characteristic 0 (this follows from the main result of Then it is easy to see that the category C * is equivalent to the category of H-equivariant sheaves on G/H with tensor product given by the convolution of sheaves.
The following observation is due to Müger [14] . Example 2.4. One instance of this bijection is contained in [1] where the authors define noncommutative "lowering of indices." This can be described as follows: let C be a monoidal category (semisimple of finite rank) and let M be a module category over C of rank 1 (= a fiber functor); thus C is the category of representations of a Hopf algebra and M is related with forgetful functor C → Vec; let C * be the dual category of C with respect to M (thus C * is the category of representations of the Hopf algebra dual to the previous one). We say that a module category M 1 over C of rank 1 (= a fiber functor = a twist up to gauge transformation) is nondegenerate if the category Fun C (M, M 1 ) is semisimple of rank 1. It is stated in [1, Theorem 5.10] that there is a bijection between nondegenerate module categories over C and C * . From our point of view, the bijection being given by an assignment M 1 → Fun C (M, M 1 ) is almost tautological. The conditions that M 1 is of rank 1 and that M 1 is nondegenerate are permuted by this bijection. Note that the assumption of semisimplicity of C is not essential for these considerations.
The Drinfeld center
Let C be a monoidal category, M a module category over C, and C * the corresponding dual category. Then we can consider external product of monoidal categories C⊗C * and M has an obvious structure of a module category over C ⊗ C * . The following result is inspired by [15] . Proof. Each functor from (C ⊗ C * ) * should commute with C * , so is equivalent to the functor X ⊗ ? for some X ∈ C (since C * * = C). The functor X ⊗ ? should commute with all functors of the form Y ⊗ ? for all Y ∈ C; so for each Y ∈ C, we have an isomorphism of functors X ⊗ (Y ⊗ ?) → Y ⊗ (X ⊗ ?). Clearly this isomorphism comes from the isomorphism of objects X ⊗ Y → Y ⊗ X (by the Yoneda lemma). We leave for the reader to check that, under this identification, the axioms (= commutative diagrams) from the definition of a module functors reduce to the axioms of the objects of Drinfeld center.
We have the following immediate consequence. the Drinfeld doubles of a Hopf algebra and of its dual are isomorphic.
For a monoidal category C, let C op denote the same category with opposite tensor product. The following consequence of Proposition 2.5 is essentially contained in [15] . Proof. We should use Proposition 2.5 with M = C considered as a module category over C. Proof. This is immediate from the definitions and Proposition 2.3 and Example 2.1. Now let (H 1 , ψ 1 ) and (H 2 , ψ 2 ) be two pairs consisting of a subgroup H i ⊂ G such that ω| H i = 1 and a cohomology class ψ i ∈ H 2 (H i , C * ). We are going to calculate the number of simple objects in the category of (A(H 1 , ψ 1 ), A(H 2 , ψ 2 ))-bimodules (so as a special case we will get the rank of the category C(G, ω, H, ψ)). Let g ∈ G be an element of G. The group H g := H 1 ∩ gH 2 g −1 has a well-defined 2-cocycle
(we see that this is indeed well defined in the proof of Proposition 3.2).
Proposition 3.2.
Let (H 1 , ψ 1 ) and (H 2 , ψ 2 ) be two pairs as above. Let {g i } i∈H 1 \G/H 2 be a set of reprsentatives of two-sided (H 1 , H 2 )-cosets in G. The rank of the category of (A(H 1 , ψ 1 ), A(H 2 , ψ 2 ))-bimodules equals to
2)
where m(g i ) is the number of irreducible projective representations of the group H g i with the center acting via 2-cocycle ψ g i .
Proof. Let M = ⊕ g∈G M g be an (A(H 1 , ψ 1 ), A(H 2 , ψ 2 ))-bimodule. The structure of a bimodule gives us for each h 1 ∈ H 1 , h 2 ∈ H 2 the isomorphisms i 1 h 1 ,g : M h 1 g → M g and i 2 g,h 2 : M gh 2 → M g . These isomorphisms should satisfy the following identities:
, the structure of left module commutes with the structure of right module).
There are also some other identities (which we omit) related to the action of the identity.
It is clear that the module M is a direct sum of submodules supported on individual double cosets. If we assume that M is supported on one such coset and g is a representative of this coset, then it is enough to study the vector space M g ; for each pair (h 1 , h 2 ) ∈ H 1 × H 2 such that h 1 gh 2 = g, we have an operator j g h 1 := i 1 h 1 ,g • i 2 h 1 g,h 2 : M g → M g (note that h 1 = gh −1 2 g −1 , so h 1 ∈ H g , also h 2 is completely determined by h 1 ). It is not difficult to see from the above that
This relation is exactly the definition of the ψ g -twisted group algebra of H g and the proposition is proved. (iii) The paper of Yamagami [19] contains results closely related to Proposition 3.2, (see [19, Section 5] ), see also [1] .
It is easy to deduce from Proposition 3.2 the classification of fiber functors (= module categories of rank 1) for the category C(G, ω, H, ψ). (2) the number of double cosets H \ G/H 1 is 1;
(3) the class ψ| H∩H 1 −ψ 1 | H∩H 1 is nondegenerate, that is, the twisted group algebra of H ∩ H 1 with respect to the cocycle representing ψ|H ∩ H 1 − ψ 1 | H∩H 1 is isomorphic to a matrix algebra.
Example 3.5. Assume that G = H · H 1 is an exact factorization, that is, any element of G can be uniquely represented as a product hh 1 where h ∈ H and h 1 ∈ H 1 . Then the category C (G, 1, H, 1) has a fiber functor corresponding to a pair (H 1 , 1) . The corresponding
Hopf algebra is called a Kac algebra and is well known in the theory of Hopf algebras.
Main theorem
Recall that C(G, ω) denotes the Drinfeld center of the category Vec G ω . Consider the coho-
Here is the main result of this paper. Proof. Let ∆(G) ⊂ G × G denote the diagonal subgroup. By Corollary 2.8, the category D(G, ω) is equivalent to the category C(G × G,ω, ∆(G), 1). So this theorem is a special case of Theorem 3.1.
We will denote the module category corresponding to a pair (H, ψ) by M(H, ψ).
Consider an action of the group H on the set of elements of G given by the formula (h 1 ,
Let {g i } i∈I be a set of representatives of all orbits under this action. For each g i , consider a subgroup
= g i } of H; note that since h 2 is completely determined by the value of h 1 , the group H g i can be considered as a subgroup of G via the first projection H ⊂ G × G → G. The group H g i has a well-defined
Let m(g i ) denote the number of irreducible projective representations of the group H g i with center acting via 2-cocycle ψ g i .
Theorem 3.7. The rank of the category M(H, ψ) is i∈I m(g i ).
Proof. This is an immediate consequence of Proposition 3.2. where H ⊂ G × G is a subgroup and ψ ∈ H 2 (H, C * ) such that (1) the classω| H is trivial;
(2) the number of double cosets ∆(G) \ G × G/H is 1;
(3) the class ψ| H∩∆(G) is nondegenerate, that is, the twisted group algebra of H ∩ ∆(G) with respect to the cocycle representing ψ| H∩∆(G) is isomorphic to a matrix algebra.
Two unsolved problems
Recall that C = D(G, ω) is a modular tensor category, see, for example, [2, 15] . On the other hand, for a modular tensor category C, we attach a modular invariant to each module category over C, see [4, 18] . For a braided tensor category C, it makes sense to speak about commutative algebras A in this category, see, for example, [12] . We will say that a module category M over C is of type I if M is module equivalent to Mod C (A) for a commutative algebra A (in this case the algebra A is uniquely determined by the module category M) and M is of type II otherwise (this is just a translation into the language of module categories of the corresponding notions due to Moore and Seiberg for modular invariants). 
The simplest example
In this section, we consider the simplest non-abelian example, the case of the group G = S 3 -the symmetric group in three letters. It is well known that in this case, H 3 (G, C * ) = Z/6Z (see, e.g., [5] ). For each value of ω ∈ H 3 (G, C * ), the category D(G, ω) has eight simple objects and the same fusion rules (but the structures of monoidal categories differ).
Let ω 0 be a generator of H 3 (G, C * ). It is easy to see that ω 0 has a nonzero restriction to either of the subgroups Z/2Z, Z/3Z of G = S 3 . In this section, we use the additive notations for cohomology groups instead of the multiplicative notations used above.
Enumeration of subgroups of G × G
In Table 4 .1, we enumerate conjugacy classes of all subgroups of G × G and their 2cocycles. Table 4 .1 is self-explaining; ∆ denotes the diagonal imbedding G → G × G, the subgroup K consists of all pairs of permutations with the same parity. Table 4 .2 gives the number of simple objects in module categories in all cases (note that the rank of module categories does not depend on 2and 3-cocycles involved since the possible groups H g = e, Z/2Z, Z/3Z, S 3 have trivial second cohomology, so we present results only for ω = 0; in the other cases, we just need to erase some columns).
So, in particular, we see that the untwisted double of S 3 has 4 fiber functors and all the twisted doubles have no fiber functors.
Modular invariants
In this section, we assume that ω = 0 and give a list of modular invariants attached to the module categories above. The list of modular invariants for this case was worked out in [5, Section 3.3] (unfortunately the list in a published vesrion of [5] is incomplete and the author is grateful to the authors of [5] for providing him with a complete list consisting of 48 invariants). Below we are using the notations for the simple objects of D(S 3 , 1) from [5] : if we identify D(S 3 , 1) with the category of S 3 -equivariant sheaves on 
